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Review of Quantum Mechanics

Schrodinger Equation

HY(r.t) = ih%‘{’(;,t)

2

H= + V(;,t) Hamiltonian = Kinetic + Potential Energy

ZmO

‘{’(;, t) Wavefunction

= ‘I‘(;,t) : ‘{’(;,t)* Probability of finding particle at r

P=—-ihV Momentum operator

< > = —th‘I’(;,t)*V‘I’(;,t)d; Average Momentum

<;> J“P(r t) r‘P(r t)dr Average Position
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Solution in Free Space
Consider 1-d case, and separation of variables
P(r,t) = P(x,t) = d(x)e ™

_hz d2¢(x) e_l-wt — . (—la)) -¢(X)€_iwt

2m0 x?
d°o(x 2mha)
¢() B(x)=0
x?

2m h
Let kz\/ moza)

h

d2¢2(x) +5-g(x)=0
X

Solution: ¢(x)=e*" ore ™

W(r,t)=e""" : Plane waves
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In Uniform Crystals: Bloch Theorem

V(r) =V(r+R)
o eik-r
o -7 u(r) ~

Y(r) = u(r)e®” (Bloch Theorem)
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In Heterostructures: Envelope wave function

General linear superposition of Bloch states

Macroscopic

Atg?t'ecr']fi‘;?'e potential (i.e. a wave-packet)

Y(r,t)= ZCkuk(r)exp(ik ‘x)exp(—iE t/ i)

Y(r,t)=uy(r) (Z C.exp(ik -r)exp(—iE 1/ h)j

W(r,t)=u,(r)-y, (r.0)

o,
"
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s
o
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Figure from Coldren et al. Assumptlons.

Diode Lasers and Photonic Integrated Circuits (1) Include only one band and

(2) electrons are near bandedge

u, (r) = u,(r)
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Effective Mass Approximation

2k2
Ey = +V
k 2m? (r)

|

kinetic potential
energy energy
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Schrodinger Equation for
Envelope wave function

ihw = Z C.E, exp(ik -r)exp(—iE t | h)
k

nk’

= ZCk = +V(r)]exp(ik-r)exp(—iEkt/h)

k m

e

27172
= Z C, z k* ]exp(ik -r)exp(—iEt/ )+ V(r)y, (r,?)
k

e

2
= 27;* Z[—Ckvzexp(ik-r)exp(—iEkt /))+V (), (1)
e k
B2
in a‘/’egt(r’f) - {2 Z V24 V(r)}//env (r,1)

Schrodinger equation in terms of envelope wave function and macro potential
Periodicity of crystal potential is captured in m;
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Infinite potential well

1

S

V(z)

| R
> Z
|

~L/2 0 )2

Vi) — 0 forz<|L/2|
(2)= oo forz>|L/2|
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Separation of variables

Z)}w(x v,z)=Ey(x,y,z)

w(x,y,2) = 4,.(x)9,(¥)9.(2)

2

n o' n 09, n o'
— X = - * — _ Z = E
2m* axz + V(x)¢x Ex¢x 2m ay2 y yry 2m* 622 +V(Z)¢z z¢z
If V(x,v,2)=V(z) b, = At
p(x,3,2) = 4,09, (1) (2) 4, = B
2 i(k . x+
"0 gy 4, =44, =Ce""
om” o
n* 0°¢, ) 1
- =F I=||¢ | dxdy > C=—
o ot~ B [16,1 dxdy =
h2 a ¢ ¢ :Lei(kxaﬁkyy)
om” & J4
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Infinite potential well

Q0 Q0
A A
V(z) v (x,3.2) = 4,(x.9)¢.(2)
1
- S A =3 — z(kx+k »)
n §=e
.nyl-nzz \/Ecos( ) n=13,5,..
mnzl ¢(Z) L
| . - ﬁsin(ﬂzj n=2,4,6,...
I " VL L

=

n’ nr\’
E=—+|k+kl+| —
2m UL
0 forz<|L/2|
Vi(z)=
oo forz>|L/2|
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Typical Examples

In GaAs, m, = 0.067m,

For a 10-nm-wide potential well (L =10nm)
E, =56 meV

E, =4FE =224 meV
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Finite potential well

4
Barrier Well Barrier

(m) (m,) (my)

V(z)

_L)2 0 )2

Vi) — 0 forz<|L/2|
(2)= V, forz>|L/2|
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V(z)

n=>2

___,R_\___]/'___\_h__

e
---'='=__/_ _________ h-—-—-

L2 0 L)2

7 (g) = 0 forz<|L/2|
(2)= V, forz>|L/2|
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Finite potential well

w(x,y,2)=¢,(x,y)P.(2)

1 i(kyx+k,y)

¢t :ﬁe

Barrier solution
Ce—a(z—L/2) 7> L

_ 2
¢z (Z) o { Cea(z+L/2) s <L

2

Well even solution
¢.(z)=Bcos(k,z) +<z<%

Well odd solution
$.(z)=Asin(k.z) L<z<i
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Finite potential well

Barrier solution Well even solution
Ce 21D 5L ¢.(z)=Bcos(k,z) <z<%
Z) = .
9.(2) Ce“H» 7 <L Well odd solution

¢.(z) = Asin(kz) L<z<i

N

Plug into

@ Schrodinger’s > L
Equation - \2m,E
’ h
(2) Apply boundary conditions "
m, L
. ) o=k — tan(kz —j (even)
$.(L'/2)=¢.(L/2) : m, 2
1 d 1 d . m, L
L (L2 =—Z0 (/)2 a=—k, *cot(kz—j odd
mbdz¢z( /) mwdz¢z( /) m, 2 (odd)
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Finite potential well

Barrier solution

?.(2) ={

Ce?-112)

Ce?+L12)

L
Z>7

Well even solution
¢.(z)=Bcos(k,z) <z<%

Well odd solution
¢.(z) = Asin(kz) L<z<i

(3 After rearranging
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*

,LJZ sz 2mJ@(L)2
e I e e N
2 2 h 2
L |m L
o —=k — |[—Ltan| k. =
z - (2j (even)

L L
a'—=—k — e cot(kz —j (odd)
2\m, 2
where o' =« mﬁf
m,
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Solve graphically

, L
a_
2

J2m V, L] 2

>

Bound/

Finite potential well

solution
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Semiconductor quantum well
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Semiconductor quantum well

InGaAs

—-—-—-ﬁ:_____:h-—-—_Eel
= — Bt Only heavy-hole
————EEE e L o g e [p— E L - .
S fth2 showed for clarity
e S Y Ehh3

EE232 Lecture 4-18 Prof. Ming Wu



Semiconductor quantum well

h’ nr)
E=——|k+k: +(—j
2m, UL
C2

\/

—
[
— -
— —
— -
-_— e = =
— -
— -
— -
— w—

C1

Eg = Eg0 +E,+E,,

/ N\

HH  LH HH1  LH1

“Bulk” material

) Quantum well
No quantum confinement
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Density of states (2D)

k)’
d*k = 2mkdk
Conduction Band dk
2
E= Ik +E +FE X
2me >k
dE = L
me
N = 2j d’k = 2j 2nk dk:jfdkz [ —aE
(27:) ' (2r)’ T Ly Th

(e o]

j eH(E E —E )dE

O

m: ' x20  (Heaviside
g(E)= Th? H(E - Ec - Een) H(x) = {O x < (0 step function)
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Quantum well density of states

0 O<E-E <E,
m,
e E, <E-E <E,
gE)=1_m
0 . 2% E,<E-E <E,
2 ’—” ﬂh
© -
"C;; ,” m*
5 - T 3 E,<E-E <E,
h
2 -~ g
@ 7 (and so on...)
o /[_
Q |/
| | |
EcEel Ee2 Ee3
m

Energy g.(E)=—=% Z H(E-E -E )

h
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2-d Electron/Hole Concentration

Electron and hole concentrations: Example:
r 10-nm-wide GaAs quantum well
n= | f(E)p,,,(E)dE L .
; ’ quasi-Fermi energy 1s 100 meV
C
E, above E,
pP= _[ fp(E)ph,Zd(E) dE 2-d electron concentration
— 32
m_e:= 0.067-m0 m e=6.104 x 10 kg
AtT=0K,and for £, < E<E, Lz:= 10nm Iz=1x10 °m
2
u m e B 44 s
”:(Fn_El)'Pe,zd(E1<E<Ez) p2di= —— p2d = 1747 x 10 :
n-h bar Lz kg-m
F—E)—e
n= ( no 1) ﬂ'th n:= 100meV-p2d n=2.795 x 1018-L
z em’
n s:=nlz n s=2.795 x 1012-L
sz
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General Expression of Electron Concentration in
Quantum Wells (or 2D Materials)

Electron concentration: For large quasi-Fermi Energy:
N = [dEP(E) f(E) F,>E,
F.-FE
C en F _E
pY(E)= In| l+e % |=—C o
¢ kT
n _ 1 m*
fc (E)= E +E—F, > (Fc —F )
|4 Fof h'L !
d.
Use j al =—In(1+¢e™) : :
1+ € For small quasi-Fermi Energy:
F.-FE
m k T e F < Een
N = 2 —£ 2 B 111[14-8 T ] ‘ F.-E, F.~E _E,~F
In(l1+e " Y=e " =e '
* E -F E —-F
m k T _Ea ¢ L e
N=—tlt_¢ % =N
Th'L
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